Notes on regularity properties of 
infinite-dimensional Lie groups 

Helge Glockner 
Abstract 

The evolution of a C fc -regular Lie group G is shown to be smooth 
as a map to C fc+1 ([0, 1], G). We also give examples of non-regular 
Lie groups (modelled on non-Mackey complete spaces) for which some 
fundamental Lie-theoretic statements are false (whose counterparts for 
regular Lie groups are true and well-known). Moreover, a C 1 -regular 
Lie group is described that is not C°-regular. 

Introduction and statement of the results 

Let G be a Lie group modelled on a locally convex space (with neutral 
element e and Lie algebra L(G) := T e (G)), as in [5], [12], and [20] (cf. [18] 
for the case of sequentially complete modelling spaces). Given g G G, we use 
the tangent map of the left translation X g : G — > G, x \— > gx to define 

g.v := (T x X g )(v) G T gx (G) for x G G, v G T X {G). 

Let k G No U {oo}. The Lie group G is called C k -regular if the initial value 
problem 

ri'(t) = T](t).j(t), V (0)=e 

has a solution Evol( 7 ) := r] G C fc+1 ([0, 1], G) for each 7 G C fc ([0, 1], L(G)), 
and the map 

evol: C k ([0,l],L(G)) -)• G, 7^77(1) = Evol( 7 )(l) 

is smooth (see [20J; cf. [10], where the property is referred to as strong C k - 
regularity). Let C^ +1 ([0, 1], G) := {7 G C k+1 ([0, 1], G) : 7 (0) = e}, endowed 
with the Lie group structure recalled m il. 101 Our main result is the following: 

Theorem A If G is a C k -regular Lie group, then the map 

Evol: C fc ([0,l],L(G))^C, fc+1 ([0,l],G) 

is a C°°-diffeomorphism. Notably, Evol: C k ([0, 1], L(G)) -> C fc+1 ([0, 1], G) 
smooth. 
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A Lie group is called regular if it is C°°-regular (see [2D]; cf. [TS] for the 
sequentially complete case, and [J5] for corresponding notions in the conve- 
nient setting of analysis) Jj The special case k = oo of Theorem A (i.e., the 
special case of regular Lie groups) is known; see [21] Lemma A. 5(1)]. We 
recall that the modelling space of a regular Lie group is necessarily Mackey 
complete (see [201 Remark II. 5. 3 (b)]). We refer to [T4"} 2.14] for the definition 
of Mackey completeness. Let r G NU {oo}. It is known that a locally convex 
space E is Mackey complete if and only if the weak integral 7(t) dt exists 
in E for each C r -curve 7: [0, 1] — >■ E (cf. [14, 2.14]). The additive group of 
a locally convex space E is regular if and only if E is Mackey complete [20| 
Proposition II. 5. 6]. 

Let us say that a Lie group is 1- connected if it is connected and simply 
connected. Consider the following statements: 

(a) If H is a 1-connected Lie group, G a Lie group and <fi: L(H) —> L{G) 
a continuous Lie algebra homomorphism, then there is a smooth group 
homomorphism $: H — > G with = (where L(<&) := 7\ ((/>)). 

(b) If G and H are 1-connected Lie groups such that L(G) = L(H) as a 
topological Lie algebra, then G = H as a Lie group. 

(c) If G is a 1-connected abelian Lie group, then G = E/T for the additive 
group (E, +) of some locally convex space E and some discrete additive 
subgroup rc£ 

(d) For each v G L{G), there is a smooth homomorphism 7^: (M, +) — > G 
such that 7^,(0) = v. 

It is well-known that (a) holds if G is regular, whence (b) holds if G and 
H are regular (see Theorem III. 1.5 and Corollary III. 1.6 in [20J; cf. [18] for 
the sequentially complete case). If G is regular, the preceding implies (c) 
(as in [TH Remark 3.13]; cf. [T7] for an analogous result in the convenient 
setting). Finally, (d) is a well-known consequence of regularity of G (because 
7„ = Evol(t 1 — y v); see [20j Remark II. 5. 3 (a)] or [15]). As our second result, 
we show that all of these familiar facts become false for suitable non-regular 
Lie groups modelled on non-Mackey complete spaces. 

1 Compare also 22 for an earlier concept of regularity in Frechet-Lie groups, which is 
stronger than C°-regularity. 
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Theorem B. All of the preceding statements (a), (b), (c) and (d) are false 
for suitable examples of 1- connected abelian Lie groups G and H modelled 
on non-Mackey complete spaces, and the counterexample for (d) can be cho- 
sen such that L(G) ^ {0} and j v exists for no non-zero vector v 6 L{G). 
Moreover, there is a connected infinite- dimensional Lie group K% such that 
the only group homomorphism (R, +) — > K\ is the trivial map t y e. 

The negative answer to (b) answers a problem by Neeb [201 Problem II. 3]. 
Whether Mackey-completeness or sequential completeness of the modelling 
spaces suffices for a positive answer, without the assumption of regularity (as 
originally asked by Milnor) remains unknown. 

Let us say that a locally convex space E is integral complete if the weak 
integral f Q j(t) dt exists in E, for each continuous path 7: [0,1] — > E. It 
is known that this property is equivalent to the metric convex compactness 
property, meaning that the closed convex hull of every metrizable compact 
subset K C E is compact [23]. Varying Remark 11.5.3(b) and Proposi- 
tion II. 5. 6 from [20] , we also show: 




Theorem C. 

(a) Each C° -regular Lie group has an integral complete modelling space. 

(b) The additive group of a locally convex space E is a C° -regular Lie group 
if and only if E is integral complete. 

(c) The additive group of a locally convex space E is a C 1 -regular Lie group 
if and only if E is Mackey complete. 

(d) There is a Lie group which is C 1 -regular but not C° -regular. 

We mention that every finite-dimensional Lie group (and every Banach-Lie 
group) is C°-regular [20]. The group of compactly supported diffeomorphisms 
of a finite-dimensional smooth manifold M (cf. [16]) is C°-regular [11] (cf. [22] 
if M is compact). Countable direct limits of finite-dimensional Lie groups are 
C 1 -regular [9]. Criteria for the C°- regularity and C 1 -regularity of ascending 
unions of Banach-Lie groups can be found in [3] . 
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1 Preliminaries and notation 



We write N := {1,2, . . .} and No := N U {oo}. All locally convex spaces 
are assumed Hausdorff. The terms "Lie group" and "manifold" refer to Lie 
groups and manifolds modelled on locally convex spaces, as in [5], [12] and 
[20] . The notion of C fc -map between locally convex spaces is that of Keller's 
C^-theory (see [5], [16], [18], [20] for expositions in varying generality), as 
extended in [12J to the case of maps on locally convex subsets of locally convex 
spaces (each point of which has a relatively open, convex neighbourhood): 

1.1 Let E and F be locally convex spaces, r G No U {oo} and U C E be a 
subset. If U is open, then a map / : U x V — > F is called C r if the iterated 
directional derivatives 



exist for all i e N with % < r and x G U, V\ . . . , Vi G E, and d l f : U x E % — >■ F 
is continuous. If £7 C £ is a locally convex subset with dense interior [7°, 
we say that f:U — >■ F is C r if /|yo is C r and the maps rf 4 (/|c/o) admit a 
continuous extension cf / : U x E' for each i as before. 

1.2 In [T2], one finds the concept of a C r -manifold M wii/i rough boundary, 
modelled on a locally convex space E. In contrast to an ordinary manifold, 
the charts : U — > V of such M are C r -diffeomorphisms from an open subset 
U of M to a locally convex subset V C E with dense interior. Manifolds 
with C r -boundary or corners are obtained as special cases. 

We shall also need C r,s -maps, the theory of which was developed in [T] and [2]: 

1.3 Let Ei, E 2 and F be locally convex spaces, r,s G N U {oo} and U C F 1; 
V C £ 2 be subsets. If £7 and V are open, then a map /: £7 x V — > F is 
called C r ' s if the iterated directional derivatives 

d l,J f(x,y,v u ...,Vi,wi,.. .,wj) := (£>( Vj)0 ) ■ •• -0(^,0)^(0,^) • • • D {0)Wl rf)(x, y) 

exist for all i,j G No with i < r, j < s and (x,y) G U X V, v% . . . ,Vi £ E\, 
Wi, . . . ,Wj G E 2 , and the map 



(Ff(x,Vi, ...,Vi):= (D. 



D v J)(x) 



d { ' j f: U xV x E[x E J 2 ^ F 



(1) 
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so obtained is continuous. If U and V are merely locally convex subsets with 
dense interior, we say that / is C r,s if f\u°xv° is C r ' s and each of the maps 
d 1 '^ (f\u°xv°) h as a continuous extension to a mapping as in flTJ). 

1.4 We recall from [2]: 

(a) A mapping to a (finite or infinite) product of locally convex spaces is 
C r,s if and only if all of its components are C TyS . 

(b) If g is a C r+s -map and / a C r ' s -map taking its values in the domain 
of g, then also g o f is C r,s . 

(c) If / a C r ' s -map, g\ a C r -map and g 2 a C s -map such that g\ x g 2 takes 
its values in the domain of /, then / o {jg x x #2) is C r ' s . 

(d) If Ei, E 2 and F are locally convex spaces, U C E x a locally convex 
subset with dense interior and f : U x E 2 F a. C r '°-map such that 
f(x,.):E 2 —>Fis linear for each x G U, then / is C 7 *' 00 . 

(e) If Ei, E 2 and F are locally convex spaces, U C. E x and l^C^ locally 
convex subsets with dense interior and / : U x V — > F a C r -map, then 
/ is C r '° and C°' r . 

(f) If £" 2 and F are locally convex spaces, U Q Ei and FC£ 2 locally 
convex subsets with dense interior and /: U x V — > F is C r ' s , then 
/ v (a;) := /(a;, .): V — > F is a C s -map for each x £ U, and the map 
/ v : C S {V,F) is C r . 

The following is obvious: 

(g) If Ei, E 2 and F are locally convex spaces, U C. E\ and V C E 2 locally 
convex subsets with dense interior and g: E 2 D V — > F is C s , then 
/:i7xy^F, f(x,y):=g(y)iBC 00 ''. ' 

1.5 If Mi, M2 and are smooth manifolds modelled on locally convex 
spaces (possibly with rough boundary) and r,s G No U {00}, then a map 
/ : Mi x M 2 — > N is called C r ' s if it is continuous and 

0O/O (0! X 0a)" 1 is C r ' S (2) 

for all charts 4> x : U x ->■ Vi, 2 : ^"2 -> and 0: C/ -)> V of Mi, M 2 and N, 
respectively, such that 

f(Ui x U 2 ) C [/. (3) 
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1.6 In view ofOl(b) and (c), / is C r ' s if and only if for all (pi,p 2 ) G M x xM 2 , 
there exist 0i, 2 and with (J2J) and flSJ such that pi £ U% and p 2 £ ^2- 

1.7 J//: Mi xM 2 -»■ iV (as m[L5]) zs C r ' s , thenf v ( Pl ) := /(pi,.): M 2 — )• iV 
is C s for each p\ G Mi . 

To see this, let p 2 G M 2 and pick charts 0i, 2 and with p\ G Z7i and 
p 2 G C/ 2 as in OJ Thus g := o / o (0 X x 0s)" 1 : V x x 1/ 2 -> V is a C r ' s - 
map. Then (? v (0i(pi)): — )■ V is C s , by 11.41 (f). As a consequence, also 
/ v (pi)|;7 2 = 0~ x °5 ,v (0i(pi)) °0 2 is C s . Since p 2 was arbitrary, it follows that 
r(pi) is C s . 

The following fact is well known and easy to check. 

1.8 If G is a C fc -regular Lie group and 7 G C fe ([0, 1], L(G)), then 

Evol(7)(s) = evol(s7 s ) 
for each s G [0, 1], where 7 S : [0, 1] -)■ L(GQ, 7«(t) := 7(si). 

1.9 If G is a Lie group and r G N U {00}, then also C r ([0, l],G) is a Lie 
group, as is well known. If 0: U — > V E is & chart for G such that e G Z7 
and 0(e) = 0, then C r ([0, 1], [/) is open in C r ([0, 1], G), the set C r ([0, 1], V) is 
open in C r ([0, 1],E), and the map 0, : C r ([0, 1], £/) ->■ C r ([0, 1], 1/), 7 ^ 0o 7 
is a C°°-diffeomorphism (see, e.g., [12]; cf. [7]). 

1.10 Note that C£([0, 1],£) := {7 G C£([0, 1], £) : 7(0) = 0} is a closed 
vector subspace of C£([0, 1], .E) in the preceding situation. Since 0* takes 
C P ([0,1],17) n CX([0, 1],G) onto C r ([0, 1],1/) n CX([0, 1},E), we see that 
C£([0, 1],G) is a Lie subgroup of C r ([0, 1], G) modelled on the closed vec- 
tor subspace C£([0, 1], E). This implies that a map to C*([0, 1], G) is smooth 
if and only if it is smooth as a map to C r ([0, 1], G) (cf. [31 Lemma 10.1]). 

1.11 IfiJCGisa Lie subgroup modelled on a closed vector subspace, then 
so is C r ([0,l],H) C C r ([0,l},G) (entailing that a map to C r ([0, 1], H) is 
smooth if and only if it is smooth as a map to C r ([0, 1], G)). 

In fact, the chart in 11.91 can be chosen such that <p(H fl U) = F fl V for 
some closed vector subspace F C E. Since 0* takes C r ([0, 1], U)nC r ([0, 1], H) 
onto C r ([0, 1], V) n C r ([0, 1], F), we see that C r ([0, 1], H) is a Lie subgroup 
modelled on the closed vector subspace C£([0, 1], F). 
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1.12 Let G be a Lie group and //: G x G — > G be the group multiplication. 
Then TG is a Lie group with respect to the multiplication 



T/x: T(G xG)-> TG, 

identifying the left hand side with TG x TG. The zero section 9 : G — > TG, 
cj i — y £ T g (G) is a smooth group homomorphism, and actually an isomor- 
phism onto a Lie subgroup modelled on a closed vector subspace. Hence also 
9* : G r ([0, 1],G) — » G r ([0, 1],TG), 7 i— > 9 o 7 is an isomorphism onto such 
a Lie subgroup, by 11.111 Likewise, the inclusion map a: L(G) —> TG is an 
isomorphism onto a Lie subgroup modelled on a closed vector subspace, and 
hence so is a*: G r ([0, 1], L(G)) -»■ G r ([0, 1], TG), 7 4ao 7 . This will be 
useful later. 

1.13 If M is a manifold, E a locally convex space and / : M — > E a G 1 -map, 
we identify TT 1 with E x E &s usual and let d/: TM E be the second 
component of Tf: TM E x E. Thus Tf(v) = (/(p), d/(i>)) if u G T P M. 

2 Auxiliary results 

We first establish differentiability properties for some relevant maps. 

Recall that the left logarithmic derivative 5 e (j) : [0, 1] — > L(G) of a G x -curve 
7: [0, 1] — > G in a Lie group G is defined via 

5%)(t):=7(*rV(*) for t6 [0,1]. 

Lemma 2.1 Ze£ G be a Lie group and fc6N U {00}. T/ien £/ie map 
D: G fc+1 ([0, 1],G) -)■ G fc ([0, 1],TG), 7^7' 

zs a smooth group homomorphism, and also the following map is smooth: 
8 l : C k+1 ([0, 1], G) G fc ([0, 1], L(G)), 7 ^ 

Proof. Let E be the modelling space for G. The map 

D E : G fc+1 ([0, 1], E) — >■ G fc ([0, !],£), 7^7' 
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is continuous linear (see [2J; cf. also [51 Lemma A.l (d)]). If /x: G x G — > G 
is the group multiplication in G, then the map (7, 77) \-¥ 777 = \i o (7, 77) 
is the multiplication in G fc+1 ([0, 1], G). Now ^'(t) = 2>(V(t),7/(t)) for 
7,77 G G fe+1 ([0,1],G) and t G [0,1]. Hence (77/)' = 2> o (7', 7/), which is the 
product of 7' and 77' in G fc ([0, 1], TG). Thus D is a homomorphism of groups, 
and hence it will be smooth if we can show its smoothness on the open identity 
neighbourhood Q := G fe+1 ([0, 1], U) for some chart <p\ U — > V C E around e, 
with 0(e) = 0. Then 0*: G fc+1 ([0, 1], U) -> G fc+1 ([0, 1], 1/) is a chart for 
G fc+1 ([0, 1], G?) and (T0)* : G fc ([0, 1], TU) -> G fc ([0, l],^x£), 74 (T0) o 7 
a chart for C*([0, 1], TG). Since 

(T0)* o = D E °<f)* 

(as T0(7'(t)) = (0o7)'(t)), we see that D|n = ((T0)*) -1 -De °0* is smooth. 
Hence D is a smooth homomorphism. 

Let A: C k+1 ([0, 1], G) G fc ([0,l],G) be the inclusion map (which is a 
smooth homomorphism), a: G — > G, g t— > g^ 1 be the inversion map and 
a,: G fe ([0,l],G) G fc ([0, 1],G), 7 h4 0-07 = 7- 1 be the smooth inver- 
sion map in G fc ([0,l],G). Let 9: G TG, a: L(G) TG as well as 
0« : G fe ([0, 1], G) ->■ G fc ([0, 1], TG) and a, : G fc ([0, 1], L(G)) ->■ G fc ([0, 1], TG) 
be as in II. 121 Finally, let 

(T/i), : G fe ([0, 1], TG) xG fe ([0, 1], TG) G fc ([0, 1], TG), (7, v) * ^0(7, 77) 

be the smooth group multiplication of G fc ([0, 1],TG). Then 

6 e ( 1 ) = (T^U6*M 1 )) 1 D( 1 )) 

for 7 G G fc+1 ([0, 1], G) and thus 

«, o ^ = (T/i)* o (0 # oa,oA,D), 

with T> as in Lemma T2. 2 1 Thus a* o <5 £ is smooth, i.e., 5^ is smooth as a map 
to G fc ([0,l],TG). Then 5 E is also smooth as a map to G fc ([0, 1], L(G)) (see 
I1.12p . which completes the proof. □ 

It will be useful later that the G r -manifold structure on G fc+1 ([0, 1], G) is 
initial with respect to suitable maps. 
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Lemma 2.2 Let G be a Lie group, k G No, r G N U {oo} ; 

D: C k+ \[0,l],G)^C k ([0,l},TG), 7 ^ l' 

and l: C fc+1 ([0, 1], G) -> C([0,1),G), 7 7 be the inclusion map. If M is 
a C r -manifold and f: M — >■ G fe+1 ([0, 1],G) a map suc/i £/iat both to f and 
D o f are C r , then f is C r . 

Proof. Step 1. Let E be the modelling space of G. Then the map 

(i B ,D E ): C k+1 ([0,1],E) G([0,1],£) x G fc ([0,l],£), 7 ^ (7,7') 

is linear and a topological embedding with closed image (see [2]; cf. also jH 
Lemma A.l (d)]). Therefore, a map h: M ^ G fc+1 ([0, 1], E) is G r if and only 
if both le h and .Dp o ft, are C r (cf. [31 Lemmas 10.1 and 10.2]). 

Step 2. Let a chart 0: {7 — > V C for G and the pushforward 
0,: G fc+1 ([0, 1], 17) -> G fc+1 ([0,l],1/) be as inOl 

Each p G M has an open neighbourhood POM such that f{q)f{p)^ 1 G £7 
for all q £ P. As it suffices to show that /|p is C r , we may assume P = M. 
Consider rj := f{p)~ 1 G C k+1 ([0, 1], G) and the right translation mappings 
p,,: G fe+1 ([0,1],G) ^G fc+1 ([0,1],G) andi?„: G([0,1],G) -)• C([0, 1], G) given 
by 7 i— ?• 777 (which are smooth). Then 

^:= Pr) o/:M-^G fc+1 ([0,l],G) 

is C r as a function to G([0, 1], G) (as iog = R, q oLo f). Also, Dog = p v ,oDof 
is G r , where we use the smooth right translation map 

N : G fc ([0, 1], TG) -> G fc ([0, 1], TG), 7 h- 7 V • 

Now h := ^ o g: M ^ G fc+1 ([0, 1], E) is G r as a map to C(M,E) (as 
tJ5 o/i = 0*oao# with the G°°-diffeomorphism 0* : G([0, 1], U) -> G([0, 1], 1/), 
7 i-> ^07). Furthermore, De h = (d0)* o D o g is G r , using that 
(d0)*: G fc ([0, 1],TC7) ->■ G fc ([0, l],^) is smooth as it is the second compo- 
nent of the chart 

(T0), : G fc ([0, 1], 777) G fc ([0, 1], IV) = G fc ([0, 1], V) x G fc ([0, 1], 77). 
By Step 1, ft is C r . As a consequence, g is G r and hence also /. □ 
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Lemma 2.3 Let G be a Lie group, k G No, r G N U {oo} ; 

S i :C k+ \[0,l],G)^C k ([0,l],L(G)), 7-^(7) 

and t: G fc+1 ([0, 1], G) -> G([0,1],G) 6e tfie inclusion map. If M is a C r - 
manifold and f:M—> G fc+1 ([0, 1], G) a map smc/j that both to f and 5 e o / 
are C"" ; t/ien / is C r . 

Proof. We show by induction on j = 0, . . . , k that / is C r as a map to 
C y ' +1 ([0, 1], G). The same notation, 8 e , will be used for the corresponding 
map C j+1 {[0,1),G) -»■ G J '([0, 1],T(G)). Let /i, 0, a and the pushforwards 
0,: G^([0,1],G) ->■ C''([0,1], TG) and a,: G J ([0, 1], T(G)) -> ^'([0,1], TG) 
be as inHTJ If x G M, we have D(f(x))(t) = f(x){t).5 l (f(x))(t) and hence 
D(f(x)) = T P (0o (/(*)), a o (*'(/(*)))). i.e., 

Dof = (Tn)*o(6*of,a*o6 e of) (4) 

with the smooth group multiplication (7»* : G j ([0, 1], TG)xG j ([0, 1], TG) ->■ 
G J '([0, 1], TG). If j = 0, then 0, o / = 0, o t o / is G r , whence also TJ o / is 
G r (by dl])) and hence also / (by Lemma I272j) . 

If j > 0, let us make the inductive hypothesis that / is G r as a map to 
G J '([0, 1],G). Then (0} shows that D o / is G r as a map to G J '([0, 1],TG). 
Hence / is G r as a map to C j+1 ([0, 1], G), by Lemma E2J □ 



Lemma 2.4 Let G be a Lie group, k G No U {oo} and 

^:Gr i ([0,l],G)^G, fc ([0,l],T(G)) (5) 

6e ?e/t logarithmic differentiation. Let 1 G G^ +1 ([0, 1], G) =: P be the con- 
stant function 1 1 — e. Then, after identifying T^P with G^ +1 ([0, 1], L(G)) in 
a suitable way, the tangent map of 8 at 1 becomes the map 

G^ 1 ([0,l],L(G))^G fc ([0,l],L(G)), 7 ^ Y ■ (6) 

Proof. Let U C G be an open symmetric identity neighbourhood on which 
a chart (f>: U — > V C L(G) is defined, with 0(e) = and d0|z,(G) = idi(G)- 
Let /i : G x G — 7- G be the multiplication of G and a : G — >• G be inversion. 



10 



Then Dy := {(g , h) G U x [/ : gh G Z7} is an open subset of £7 x U, and hence 
ZV := (0 x 4>)(Du) is an open subset of x V. The maps 

r := (j) o cr o : y — )■ y and 

f := o /i o x : D v ->■ V 

are smooth and (V, Dy, is, 0) is a local group as in [20l Definition II. 1.10], 
with inverses given by x^ 1 := t(x). Consider the restriction 

S e v : C* +1 ([0,1],U) C k ([0,l],L(G)) 

of 8 l from © and the map 5 V : C, fc+1 ([0, 1], V) ->■ C fe ([0, 1], defined via 

^( 7 )( S ):=dK7(s)^7(s);0,7'(s)) 

for 7 G Cf +1 ([0, 1], V) and s G [0, 1]. Let 0,: ^ +1 ([0, 1], U) -> C fe+1 ([0, 1], V), 
7 i— )■ o 7 be the pushforward. An elementary calculation shows that 

4°0* = 4- (7) 

Since 0* is a C°°-diffeomorphism between open subsets of C^ +1 ([0, 1], G) and 
C k+1 ([0, 1], L(G)), respectively, we deduce from the smoothness of 8[j that 
also S v is smooth. Applying the Chain Rule to (JTj) now gives 

d(StioT 1 fa)=d(St f )\ Tl P. (8) 

We claim that 



d 
dt 



J v (tj) = i (9) 

for each 7 G C* +1 ([0, 1], L(G)), i.e., d<5y(0,7) = 7'. Since also the map 
7i(0*): ?iP {0} x Ct +1 ([0,1],L(G)) = ^ +1 ([0,1],L(G)) is an isomor- 
phism, we deduce from (JSJ) and (jUJ) that d(^)|T x p is the map in dSJ), up to 
composition with the isomorphism Ti (</>*). 

To verify fl9]), we only need to show that 

d 



dt 



iWl) (a) = j'(s) 

t=0 ' 
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for each s G [0, 1]. The point evaluation at s being continuous linear, the left 
hand side coincides with 



d 
dt 



(€(tl)(s)) = ± ^((t 7 ( S ))- 1 ,f 7 ( S );0,t 7 '( S )) 
t=o dt t=o 



c?( 2 V(0, 0; 0, 0; - 7 (s), j(s)) +dv(0, 0; 0, 7 '(s)) 
s v ' 

=o 



as required. 



□ 



Lemma 2.5 Let G be a Lie group, M be a manifold and f: M X [0, 1] — > G 
be a C r,s -map. Then f v (p) := f(p, .) : [0, 1] — > G is C s for each p G M, and 
the map f 7 : M -> C s ([0,1], G) is C r . 

Proof. The first assertion is a special case of 11.71 To establish the second, 
choose a chart : U — > V of G around e. For p G M, consider the auxiliary 
function 

g : M X [0, 1] G, h{q, t) := f(q, t)f(p, t)~\ 

Since g is continuous and g({p} X [0, 1]) = {e}, g~ l {U) is an open superset 
of the compact set {p} x [0,1]. By the Wallace Lemma [TH 5.12], there 
is an open neighbourhood PCM such that P x [0, 1] C g~ l {U) and thus 
g(P x [0, 1]) C U. After shrinking P, we may assume that there exists a chart 
ip : P -)• Q for M. Without loss of generality M = P. Let /x : G x G -)■ G be 
the group multiplication and cr: G — >■ G be inversion. Since f(p, .) : [0, 1] — > 
G is C s by 11.71 using 11.41 (g) we deduce that the map 

C : M x [0, 1] G, (g, t) ^ /(p, t)- 1 = <r(/(p, t)) 

is G r,,s . Hence g = /i o (/,() is G r,s , as a consequence of 11.41 (c). Thus 
h := (t)ogo(ip- 1 x id [0 ,i]) is C r ' s . NowO(f) shows that h y : Q -> G s ([0, 1], V) 
is C r . Hence also g v = (0*) _1 ° h v o ijj is G r , using that the map 
0, : G s ([0, 1], U) -> G s ([0, 1], V), 7 o 7 is a chart for G s ([0, 1], G) and 
hence a G°°-diffeomorphism. □ 



Lemma 2.6 Let E be a locally convex space and k G No U {oo}. T/iere 
S:G fc ([0,l],£)x[0,l]^G fe ([0,l],£) ; 

:=s 7 (st) /or 7 G G fc ([0, 1], £), s,te[0,l] 

zs a C°°'°-map. 
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Proof. Consider the map 



h: C k ([0, 1], E) x [0, 1] -> C k ([0, 1],E), ( 7 , s) ^ ls 

(with 7 S (t) := j(st)). Then 

S( 1 ,s) = (3(s,h( 1 ,s)), (10) 

using the scalar multiplication /3 : Rx C k ([0, 1], E) ->• C k {[0, 1], E), (3{r, 7) := 
r7. Now /3 is continuous bilinear and hence smooth. Moreover, the map 
tt: C k ([0,l],E) x [0,1] R, (7,5) ^ s is C°° and hence C 00 ' . We claim 
that also h is C 00 - . If this is true, then (ir,h) is C°°'° by [111(a). Since 
S = /3 o (tt, h) by (HDD, 0(b) shows that 5 is C 00 ' . 

Because h is linear in its first argument, 11.41 (c) applies. Thus, the claim will 
hold if we can show that h is C 0,0 (i.e., C°). To this end, consider the map 

/i A : (C fc ([0,l],£) x [0,1]) x [0,1] -+E, /> A ( 7 ,M) := T (st). 

Thus h A {j,s,t) = £(7, st), where e: C fc ([0, 1], £7) x [0,1] £7, 5(7, s) := 7(5) 
is C fe (see [12], cf. Proposition 11.1]) and hence C°' k . Therefore h = (/i A ) v 
is continuous (by 11.41 (e)). as required. □ 



3 Proof of Theorem A 

Step 1. ByLemmaEH Evol: C fc ([0, 1], L(G)) ->• C°([0, 1], G) will be smooth 
if we can show that the map 

Evol\ C k ([0,l],L(G)) x [0,1] ->• G, Evol A ( 7 ,s) := Evol( 7 )(s) 

is C 00 ' (using that Evol = (Evol A ) v ). However, using the C°°' -map 

S: C k ([0,l],L(G)) x [0,1] ^C fc ([0,l],L(G)), (i,s) ^ s ls 

from Lemma \2.6\ 11.81 enables us to write 

Evol A ( 7 , s) = Evol( 7 )(s) = evol(5( 7 , a)). 

Thus Evol A = evol oS, which is C 00 ' by 11.41 (b) (being a composition of a 
C^-map and a C°°' -map). 
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Step 2. Consider the inclusion map i: C k+ \[0,1],G) ->■ C°([0,1],G) and 
the map S l \ C k+1 ([0, 1],G) -> C k ([0,1], L(G)). Then i o Evol is smooth (by 
Step 1) and 5 l o Evol is the identity map C k ([0, 1], L(G)) C fc ([0, 1], L(G)) 
and hence smooth as well. Therefore Evol : C k ([0, 1),L(G)) C k+1 ([0, 1), G) 
is smooth, by Lemma 12.31 

Step 3. By I1.10[ Evol is also smooth when regarded as a map 

Evol: C k ([0,l},L(G))^C k+ \[0,l],G). (11) 

Also the map 5 £ : C fc+1 ([0, 1],G) -> C k (0, 1],L(G)) is smooth (by LemmaEI]), 
and so is its restriction 

^:C7* +1 ([0 > 1] ) G)-^C*([0,1],L(G)). (12) 

Because the mappings in ( TTTj) and ( TT2|) are mutually inverse, we conclude 
that they are C^-diffeomorphisms. The proof is complete. □ 

4 Proof of Theorem B 

Consider the algebra P = WL[X] of polynomial functions on [0, 1] and its 
multiplicative subset 5:={seP:s([0,l])CK x }. Then 

A := PS' 1 = {p/s : P eP,seS} 

is a unital subalgebra of the Banach algebra C[0, 1] of continuous real-valued 
functions on [0, 1] (and we endow A with the induced topology). As shown 
in [SI §6], A has an open group A x of invertible elements and A x is a smooth 
(and even analytic) Lie group. Note that H := {a G A: a(0) = 0} is a closed 
non-unital subalgebra of A. Now consider the subgroup 

K := {a E A x : a(0) = 1} 

of A x . The map <fi: A x — > A x — {1}, a t— > a — 1 is a global chart for the 
manifold A x , which takes K onto (v4 x — 1) D H. Hence A' is a submanifold 
of A x modelled on H and hence a Lie (sub)group. We let G be the 1- 
connected covering Lie group of the connected component K\ of 1 in K, and 
q: G — > K\ be the universal covering homomorphism. We identify L{G) with 
L{K\) by means of L(q), and L{K%) with H by means of the isomorphism 
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d<P\L(Ki)- We now verify that G and H provide counterexamples for all of the 
statements (a)-(d) discussed in Theorem B. 

First, we show that K\ has the property described at the end of Theorem B. 
To this end, let 7 : (R, +) — > K\ be a homomorphism of groups. Since K\ 
is a subgroup of A x , [HI Proposition 6.1] shows that im(7) C R x l. Then 
im(7) C (R x l) n K = {!}, whence 7 = 1 indeed. 

(d) Let 7: (R, +) — > G be a homomorphism of groups. Then q o 7 = 1, as 
just observed. Hence im(7) is a subgroup of ker(g) and hence discrete. If we 
assume that 7 is continuous, then im(7) is connected. Being also discrete, it 
must be {e}. Hence 7 = e. 

(c) If G was isomorphic to E/Y as a Lie group with a locally convex space E 
and discrete subgroup r C E, then E (like G) would be infinite-dimensional. 
Hence a non-zero vector v G E exists, and provides a non-constant smooth 
homomorphism R — > E, t 1— > tv , corrresponding to a non-constant smooth 
homomorphism R — > G. But we have just seen that G does not admit non- 
trivial continuous one-parameter groups, contradiction. 

(b) The Lie algebras of both (H, +) and G can be identified with the locally 
convex space H (with the zero Lie bracket). Both G and H are 1-connected, 
but they cannot be isomorphic because H has many non-constant smooth 
one-parameter groups (of the form t^tv with non-zero v G H ) while H has 
none. 

(a) The Lie algebra homomorphism id# : H — » H cannot integrate to a 
smooth homomorphism $ : (H, +) — > G, because for non-zero v G H the 
map 7„ : R — > G, t y $(tt>) then would be a smooth homomorphism with 
7^,(0) = L($)(t>) = v 7^ and thus j v 7^ e, contradicting the above. This 
completes the proof of Theorem B. □ 

Remark 4.1 The author does not know whether K\ in Theorem B can be 
chosen connected and simply connected. In particular, he was not able to 
show that K\ can be replaced by the Lie group G just discussed. 
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5 Proof of Theorem C 



(a) Since 6 e : C*([0, 1],G) ->■ C([0, 1],-L(G)) is a C°°-diffeomorphism with 
inverse Evol: C([0, 1], -> C^QO, 1], G), the differential 

Ti_P -> C([0, 1], L(G)) 

(which coincides with <i(^)|Tip) is an isomorphism. Since also Ti(</>*) is an 
isomorphism, we deduce from flSJ) and ^9} (applied with = 0) that the map 

D: Cl([0,l],L(G)) ^ C([0,1],L(G)), 7 -> 7' 

is an isomorphism and hence surjective. Thus is integral complete. 

(b) If (E, +) is C°-regular, then E is integral complete, by (a). Conversely, 
suppose that E is integral complete. Then the weak integral rj(t) := f Q r y(s)ds 
exists in E for each 7 G C([0, 1], E 1 ) and i G [0, 1], and 77: [0, 1] — > so ob- 
tained is a C 1 -map such that ?y(0) = and 5 £ r] — 7/ = 7 (by the Fundamental 
Theorem of Calculus, [12] ) and thus 77 = Evol (7). Now evol: C([0, 1],^) — > 
£,74 J 7(5) is linear, and its continuity (and hence smoothness) fol- 
lows from the estimate p(J^ 7(5) ds) < sup{p(7(s)) : s G [0, 1|}, valid for each 
continuous seminorm p on E and 7 G C([0, 1], E). 

(c) If (£7, +) is C 1 -regular, it is regular and thus E is Mackey complete, 
by [20t Remark 11.5.3(b)]. Conversely, suppose that E is Mackey complete. 
Then the weak integral r](t) := f Q j(s) ds exists in E for each 7 G C 1 ([0, 1], E) 
and £ G [0, 1], and we conclude as in the proof of (b) that (E, +) is C 1 -regular. 

(d) According to [23, p. 267], the Example 4.6.110 on p. 244 in [23] fur- 
nishes a locally convex space E which is Mackey complete but does not have 
the metric convex compactness property. Thus E fails to be integral com- 
plete, and hence (E,+) is a Lie group which is C 1 -regular (by (c)) but not 
C°-regular (by (b)). □ 
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